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1. INTRODUCTION 
Two of the most classical criteria for the convergence of the (tri- 
gonometric) Fourier series of a 2rc-periodic function are the Dini-Lipschitz 
test and the DirichlettJordan test [14, Theorems 10.3, 8.11. In this paper, 
we prove a theorem which includes both of these apparently unrelated tests 
as well as gives an estimate on the rate of convergence of the Fourier series 
of functions belonging to a wide variety of function spaces; in particular, 
the Wiener spaces VP. Our estimate will be given in terms of a K-functional, 
as one may expect. 
Let f be a continuously differentiable, 2n-periodic function, n > 1 be an 
integer and s,(f) be the nth partial sum of its (trigonometric) Fourier 
series. We then have the simple estimate 
(1.1) 
where 11. /I denotes the sup norm. Here, and in the sequel, c, c,, c2, . . . . etc. 
denote constants independent of the function, the value of n and x; but 
their values might be different at different occurrences, even within a single 
formula. This estimate (1.1) can be shown to be equivalent to the Dini- 
Lipschitz test using the notion of the K-functional and its equivalence with 
the modulus of continuity of a function [S]. If it were possible to replace 
the sup norm in (1.1) by the L’-norm, then estimate (1.1) would also yield 
the Dirichlet-Jordan test; and through an appropriate K-functional also 
the convergence of the Fourier series for classes such as the Wiener classes 
VP. Unfortunately, it is not difficult to show that such an estimate is not 
possible. 
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Estimating the rate of convergence of the Fourier series of a function of 
bounded variation turned out to be a suprisingly difficult task; even to 
guess the form of such an estimate was perhaps difficult. The best estimate 
known to the author was given by Bojanic in 1979. His theorem can be 
formulated as follows: 
THEOREM 1.1 [3]. Let f be a 2x-periodic function of bounded variation 
on [ -71, n] and let 
s.x(t) :=f (x + t) +fb - t) -f b+ 1 -f b- 1; tE [-7c,7c]. (1.2) 
Then 
s.(f,X)--(f(x+)+f(x-)) / $i, V(&? [O?$ (1.3) 
where V(gx, [a, b]) denotes the total variation of g, on [a, b]. 
Many mathematicians have now studied the analogues and generaliza- 
tions of this theorem in various situations [4-7,9-131. However, it is not 
possible to use the K-functional to directly interpolate between the estimate 
(1.3) and the estimate (equivalent to (1.1)) 
II f - s,(f )I1 G c. log n II f II. (1.4) 
In this paper, we use the special properties of the Dirichlet kernel to deduce 
an estimate valid for functions in spaces intermediate between the space C* 
of all 2rc-periodic ontinuous functions and the space V* of all 2n-periodic 
functions having bounded variation on [ -rc, rr]. If f E C*, 6 > 0 and 
[a, b] c C--x, n], let 
fXL 4 [a, bl) :=inf{IIflICa,bl+fiV(g, [a, bl)}, (1.5) 
where II . II ra,*, denotes the sup norm on [a, b] and inf is over all g having 
bounded variation on [a, b]. The magnitude of this K-functional was 
evaluated by Bergh and Peetre [2] and we will use this expression in the 
statement and proof of our theorem. In fact, our proof is one of the few 
instances where we start with this evaluation and arrive at an estimate 
involving the K-functional rather than the usual approach where the 
estimate in terms of the K-functional is easier to obtain. 
Before we state our main theorem, we need some notation. If f is a 
bounded function on [ -rr, n] and I is a subinterval of [ -rc, n], we set 
4°C 0 := SUP If(t) -f (u)l. 
l,UGI 
(1.6) 
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For [a, b] c [ - 71, x] and 6 > 0, we define 
(1.7) 
where the sup is over all families Y of subintervals of [a, b] such that 
card(9) := number of intervals in 9 6 6-l (1.8a) 
,FF I= Cay 61. (1.8b) 
The members of 9 are pairwise disjoint. (1.8~) 
The significance of the expression Q(f, 6, [a, b]) is clear from the 
following theorem of Bergh and Peetre [2]. 
THEOREM 1.2. Let f~ C*, [a, b] c [ -71, z] and 6 > 0. Then 
(1.9) 
We are now in a position to formulate our main theorem. 
THEOREM 1.3. Let f be a bounded, measurable, 2x-periodic function, 
XE [-II, n] andf(x+), f(x-) exist. We set 
g(t):=f(x+t)+f(x-t)-f(x+)-f(x-). (1.10) 
Then, for n 3 1, 
Mf; x) - W(f (x+ ) +f (x- ))I +;Q(g,$ [o,;]). (1.11) 
When f E C*, we see from (1.9) that 
Q(L4[a,b1)<4i;f llf-hll+~~blh’(t)Idt (1.12) a 
where the inf is over all continuously differentiable functions. Thus, (cf. 
PII 
Q(f;s, [a,b])~4i:f{IIf-hll+S(b-a) llh’li}6co*(f,s(b-a)), (1.13) 
CONVERGENCEOF FOURIER SERIES 137 
where o* is the usual modulus of continuity off, and c is a constant 
independent of a, b. Estimate (1.11) then becomes 
(1.14) 
which is the Dini-Lipschitz theorem. If f E V*, then (1.7) shows that 
(1.15) 
Estimate (1.11) then gives, essentially, Theorem 1.1. 
Let 0 < o! < 1. We say that f is in the class A, V[a, b] if 
v,,(A [a, b]) :=sup i y’a, 
k=l 
(1.16) 
where the sup is over all pairwise disjoint intervals (Zk} whose union is 
[a, b] and, if Z, = [c, d], f (Zk) denotes f (d) -f (c). Similarly, if p 3 1, we 
say that f l VP [a, b] if 
'IP 
<a, (1.17) 
where, again, the sup is over all pairwise disjoint intervals {Zk} whose 
union is [a, b]. Both of these classes are widely investigated in connection 
with the convergence of Fourier series; a survey can be found in [I]. 
It is easy to see that if f E A, I’[ -71, rc], then 
Q(f, 4 [a, bl)~~‘-“Y,z(.L [a, bl); (1.18) 
and if f E V,[ -7c, 7~1, then 
XL 4 Co, bl) 6 @-‘V,(f, Cc 61). (1.19) 
We thus obtain the following corollary. 
COROLLARY 1.4. Let f be a bounded 2x-periodic function normalized so 
thutf(x)=1/2[f(x+)+f(x-)], XE[-7c,7r] O<a<l, ldp<cc. 
(a) ZffcAyV[-7r, 7r], then 
If(x)-hz(f, XII G (1.20) 
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(b) Iffy V,[ -rc, z] then 
(1.21) 
The estimate (1.20) was obtained by Bojanic and Waterman [6] (cf. also 
[ 133). In view of the inclusion [ 1, Theorem 4.41 
4 VC-F nl s h/y&&% 711 (1.22) 
we see that part (b) of Corollary 1.4 includes and sharpens some of the 
results mentioned in [13]. Corollary 1.4 does not, however, include the 
main theorem in [13] or Corollary 3 in [13]. It is not difficult to 
generalize (1.19) to other classes of functions similar to V,[ -71, rr], such as 
the class V,[ --n, rc] introduced by Young (cf. [ 1, 131). 
2. PROOFS 
We begin by reproducing from [2] the evaluation of the K-functional 
(1.5); partly for the sake of completeness and partly to underscore the fact 
that the constants involved are independent of the interval [a, 61. 
Proof of Theorem 1.2. In this proof, let Q(f, 6) denote sZ(f, 6, [a, b]). 
If g is a function of bounded variation on [a, 61, so that 
IIf-gll[a,b] +6Vg, Cc 61)<2K(f, 6, [a, b]) 
then obviously, 
Q(A~)<Q(f-g, 6)+Q(g, 6) 
62{llf-gllCa,6,+S~(g, C~JI)~ 
,< 4K(f, 4 [a, bl ). (2.1) 
In view of the inequality 
w(f, [a, xl) G w(f, C4 Yl) < 4f, C4 xl) + 4f, CF Ylh a<x<ydb 
(2.2) 
it follows that iffis continuous on [a, b], then o(S, [a, x]) is a continuous 
nondecreasing function of x. It is then easy to construct a family y* of 
subintervals of [a, b] which satisfies (1.8) and 
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We pick a point x, E I for each I E 9 * and put 
b(x) :=f(x,), XEI, IE.F*. 
Then 4 is of bounded variation on [a, b] and we have 
(2.4) 
(2.5a) 
(2.5b) 
The estimate (2.1) and (2.5) yiels (1.9). i 
Proof of Theorem 1.3. Our starting point is the following estimate due 
to Bojanic and Waterman [6]: 
We introduce 
(2.6) 
F(t):= 1 0 g, y, ‘“:““I). 
O<Wl<nt ( [ 
In view of (1.7), 
Using summation by parts, we see that 
(2.7) 
(2.8) 
(2.9) 
Using (2.8) and the fact that 6-‘Q( g, 6, [a, b]) is a decreasing function of 6, 
we see that 
(2.10) 
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where, since F is an increasing function of t, 
II - 2 
B:= c f’W 1 
kso (k+ l)(k+2) 
,q2 FWln) 
nnkzO C(k+2)ln12 
<c 
i 
1 ~ l/,1 F(t) 
n 0 (t + I/n)’ dt 
c 
5 
L =-- F(t - l/n) dt 
n 11~ t2 
(2.11) 
The estimate (1.11) follows from (2.6), (2.9), (2.10), and (2.11). 1 
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